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Finite-time consensus for controlled

dynamical systems in network

Naim Zoghlami, Lotfi Beji, Rhouma Mlayeh, and Azgal Abichou

Abstract

The key challenges in controlled dynamical systems in networks are the component heterogeneities,
nonlinearities, and the high dimension of the vector of states describing the networked models. Through
the existing models especially for autonomous systems treated as controlled first-order ordinary differ-
ential equations, nonlinear dynamic models take two main forms that will be addressed in this paper.
For each model evolving in networks forming a homogenous or heterogeneous multi-system, protocols
integrating sufficient conditions are derived leading to finite-time consensus. Likewise, for the networking
topology, we make use of fixed directed and undirected graphs. Finite-time stability theory and Lyapunov
methods are useful to prove our approaches. As illustrative examples, the homogeneous multi-unicycle

kinematics and the homogenous/heterogenous multi-agent dynamics in networks are detailed.

Index Terms

Finite-time consensus, controlled nonlinear dynamics, multi-system in networks.

I. INTRODUCTION

Networked dynamical systems is an emergent scientific field that brings together multi-agent
systems and multi-dynamic analysis. To form a collective task or achieve a global behavior,
our main objective is to take into account controlled dynamics in interactions and behavior
of traditional networks in multi-agent theory. However, the weakness arising from multi-agent

systems is to develop distributed control policies based on local information that enables all
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agents to reach an agreement on certain quantities of interest. This type of collective movement
is called consensus. Thus, the problem of consensus plays a central role in the study of multi-
agent systems. Under the control of a group of mobile agents, it is desirable to obtain a coherent
collective movement: the agents are close to each other, avoid collisions and adopt a common
direction [9].

The consensus problem was initially used in computer science. In recent years this paradigm has
introduced in multi-agent systems witnessed dramatic advances of various distributed strategies
that achieve agreements. In [5] the authors proposed a simple but interesting discrete-time model
of finite agents all moving in the plane. The proposed model used for the computer animation
industry. Each agent’s motion is updated using a local rule based on its own state and the states of
its neighbors. Jadbabaie et al. [6] provided a theoretical explanation of the consensus property
of the Vicsek model by using graph theory and nonnegative matrix theory. For this model
each agent’s set of neighbors changes with time as system evolves. Olfati-Saber and Murray [7]
suggested a typical continuous-time model. In this model the concepts of solvability of consensus
problems and consensus protocols were first introduced. The authors used a directed graph to
model the communication topology among agents and studied three consensus problems, namely,
directed networks with fixed topology, directed networks with switching topology, and undirected
networks with communication time-delays and fixed topology. Ren and Beard [8] extended the
results of Jadbabaie [6] and Olfati-Saber [7] presented mathematically weaker conditions for
state consensus under dynamically changing directed interaction topology.

However, finite-time consensus, is one of interesting research problem in consensus, refers to the
agreement of a group of agents on a common state in finite time. Finite-time consensus firstly was
studied by Cortes [10], where a non-smooth consensus algorithm is proposed. In the same filed
[11], and in [15] authors proposed a continuous nonlinear consensus algorithm to guarantee the
finite-time stability under an undirected fixed interaction graph. Wang and Xiao in [14] suggest
an improvement to the proposed algorithm proposed in [11]. The new algorithm proposed in
[14] is able to guarantee finite-time consensus under an undirected switching interaction and
a directed fixed interaction graph when each strongly connected component of the topology is
detail-balanced.

In [17], the authors study finite-time consensus for second order dynamics with inherent nonlinear

dynamics under an undirected fixed interaction graph. Recently, various finite-time stabilizing
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control laws have been proposed using continuous state feedback and output feedback controllers
Bhat et al. [3]. Furthermore, the finite-time control design has been extended to n'" order systems
with both parametric and dynamic uncertainties [2]. Although the finite-time design is generally
more difficult than the asymptotically stabilizing control due to the lack of effective analysis
tools. Also, the non-smooth finite-time control synthesis can improve the system behaviors in
some aspects like high-speed, control accuracy, and disturbance- rejection. Therefore, it is not
surprising that finite-time control ideas have been applied to multi-agent systems with first-order
agent dynamics using gradient flow and Lyapunov function [10]-[12].

What motivated the paper is the finite-time consensus of controlled nonlinear dynamics in
networks where two types of dynamic models are emphasized. These models are with/without
drift terms, commonly used for autonomous systems modeling. The proposed protocols solve the
problem of homogenous/heteregoneous finite-time consensus under fixed and directed/undirected
topology. Results from finite time stability theory, graph theory, and Lyapunov techniques are
recalled and used to prove our approaches.

The paper is organized as follows. First, preliminaries and problem formulation are shown
in Section II. Then we focus on the finite-time consensus of networked driftless systems in
section III. Sufficient condition to finite-time consensus of networked drift systems are given in
section I'V. In section V, we present result for finite-time stabilization of networked driftless/drift

nonlinear systems. The paper is ended by concluding remarks.

II. PRELIMINARIES AND PROBLEM FORMULATION
A. Notations

Throughout this paper, we use R to denote the set of real number. R" is the n-dimensional
real vector space and ||.|| denotes the Euclidian norm. R™ ™ is the set of n x n matrices.
diag{my, ms,...,m,} denotes a n x n diagonal matrix. [, € R™" is the identity matrix.
The symbol ® is the Kronecker product of matrices. We use sgn(.) to denote the signum
function. For a scalar z, note that ¢, (z) = sgn(z)|z|* We use z' = (xi,..,20)T € R",
x = (z,...,2™)T to denote the vector in R™. Let ¢, (x)) = (pa(zt), ..., 0a(z))T with

ba(X) = (oY), ..., Pa(xN)T. For z = (21, ..., 2,) vector in R, §(z) = [|z1],..., |2.|]7 and
5

(2) = [|z1]7; -y |2a]?]F for v > 0. Let 1,, = (1,...,1)T. The exponent 7T is the transpose.
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B. Graph theory

In this subsection, we introduce some basic concepts in algebraic graph theory for multi-agent
networks (More notions in graph theory are in [4]). Let G = {V, £} be a directed graph, where
V ={1,2,...,n} is the set of nodes, node i represents the ith agent, £ is the set of edges, and
an edge in G is denoted by an ordered pair (i, 7). (¢,7) € £ if and only if the ith agent can send
information to the jth agent directly.

A = [a;;] € R is called the weighted adjacency matrix of G with nonnegative elements,
where a;; > 0 if there is an edge between the ¢th agent and jth agent and a;; = 0 otherwise.
Moreover, if AT = A, then G is also called an undirected graph. In this paper, we will refer to
graphs whose weights take values in the set{0, 1} as binary and those graphs whose adjacency

matrices are symmetric as symmetric. Let D = diag{dy,...,d,} € R™"™ be a diagonal matrix,
n

where d; = Z a;; for i = 0,1, ...,n. Hence, we define the Laplacian of the weighted graph
j=1

L=D—-AeR"™
The undirected graph is called connected if there is a path between any two vertices of the
graph. Directed graph is strongly connected if between every distinct pair (4, 7) in G, there is a
path that begins at ¢ and ends at j.
We say that a directed graph has a spanning tree if a subset of the edges forms a spanning
tree (where a spanning tree of G is a directed tree that is spanning subgraph of G).

Note that time varying network topologies are not considered in this paper.

C. Some useful lemmas

In order to establish our main results, we need to recall the following Lemmas.

Lemma IL.1. [3]. Consider the system x = f(x), f(0) = 0, x € R", there exist a positive
definite continuous function V(x) : U C R" — R, real numbers ¢ > 0 and 3 €]0,1], and an

open neighborhood Uy C U of the origin such that V + ¢(V (x))? < 0, x € Uy\{0}. Then V(.E)
V(x(0))'~

c(1-p) "

converges to zero in finite time. In addition, the finite settling time T, satisfies T, <

Lemma IL.2. [7].
(1) If G has a spanning tree, then eigenvalue 0 is algebraically simple and all other eigenvalues

are with positive real part.
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(i1) If G is strongly connected, then there exists a positive column vector w € R" such that

wl'L =0

Lemma IL.3. [14] Suppose G is strongly connected, and let w > 0 such that w'L = 0. Then
diag(w)L+ LT diag(w) is the Laplacien matrix of the undirected weighted graph G(diag(w)L +
LTdiag(w)). And therefore it is semi-positive definite, 0 is its algebraically simple eigenvalue

and 1 is the associated eigenvector.

Lemma I1.4. [7]. For a connected undirected graph G, the Laplacian matrix L of G has the

following properties, x" Lx = % Z aij(zi —x;)°

ij=1
0 is a simple eigenvalue of L and 1 is the associated eigenvector. Assume that the eigenvalues of

, Which implies that L is positive semi-definite.

L are denoted by 0, \s, ..., \, satisfying 0 < Ay < ... < \,,. Then the second smallest eigenvalue

satisfies Ao > 0. Furthermore, if 1"x = 0, then xTLx > loxTx.

Lemma ILS. [18]. Let 1, 9,...,x, = 0 and 0 < p < 1.

Then (Z z;)P < fo < nl_p(z x;)P.
i=1 i=1

i=1
D. Problem statements

There are two main controlled nonlinear dynamic models issued from autonomous systems
modeling. Hence, the key challenges are the complexity of these models when they are considered
in networks, likewise, the size of each system’s vector of states is large, and increases greatly with
the considered number of agents. Further, most of the autonomous system dynamics are nonlinear
and underactuated but modeled with well known first-order ordinary differential equations or
equivalently. Such an equation is controlled, and may integrate drift terms which make difficult
the stability analysis of networked dynamical systems.

In the following, we propose to solve the finite-time consensus problem of two controlled
dynamical systems in network. The first one is based on model (1) which describes a controlled
dynamical system without drift term, and it will be referred as >;. The second model is a
controlled dynamic system which is represented by (2), which is clearly a controlled dynamic
with drift term, and it will be assigned to ..

Consider a multi-agent group as /N high-dimensional dynamical systems where each agent’s
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behavior is described by (Vi € Z = {1,..., N})
¥ it = B2 (1)
Yy i' = fi(2") + B(x")u' (2)

where 2 € R", and for 1 < i < N 2t = |28, 2%, ..., 28 ]T, B(z') € R™™, the continuous maps
fi:R* — R", u* € R™ is the control-input which depends only on the neighbor states. The
matrix B(z') = [by] for 1 <k <nand 1 <1< m.

In the paper, a networked dynamical system based on (1) is referred to multi->;;. However,
if the networked dynamical system is referred to (2), then it is assigned to multi->.,. Note that
the multi-Y; is assumed to be homogeneous multi-system with respect to B(.) structure, and
the multi-X, must be homogenous if f%(.) structure doesn’t change, but the result of the paper

is extended to the heterogenous case where f(.) can be different for each agent.

Définition I1.6. For multi-Y; or multi-Y, given a protocol u!, a consensus problem is solved

in finite time, if for any X1, Yo state initial conditions there exists a finite-time T, such that

lim |2 () — 27 (¢)[| = 0 3)

t—Tx

for any 1,5 € 1.

Throughout the paper, a consensus protocol candidate that expected to solve finite-time con-

sensus for multi->; and multi-X, is given by (2 € Z)

N

u' = —=Ca")ga(D_ ay(a’ —27)) S

J=1

where C(z%) € R™*", « €]0,1], and a;; are the adjacent elements related to the specified G.

Assumption IL7. Let B = B(z')C/(x") with B = [by]mi for 1 < m,k < n. We assume that

there exists C(x") such that Bisa positive semi-definite matrix.

Assumption IL8. A ¥, drift term f' in (2) satisfies the following inequality (Vi € T)
N N A
1Y~ ai (@) = P ) < ull D ai(a* —2)| ©)
j=1 j=1

with [ is a positive constant.
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ITI. FINITE-TIME CONSENSUS IN MULTI->; DYNAMICAL SYSTEM

In the following, the networked dynamical systems is subjective to multi->; analysis under
the protocol (4). Further, as networked topology we will distinguish a directed and an undirected
graphs. The reader may find more details about the graph theory in [4]. To solve a finite-time
consensus, our approach is addressed in Proposition III.1 for a given directed graph, and in

Proposition III.2 for the undirected graph case.

Proposition IIL.1. For a given fixed directed graph G strongly connected, the protocol (4)
associated to multi->3, solves a finite-time consensus problem.
Proof. For x = (z!,..2™)T and u = (u!, ...,u™)T, the multi-X; is defined by
x= Iy ® B(z")u (6)

One starts the analysis by an adequate change of variable, where for ¢ € Z,

N
y' = Z aj(x" — 27) (7
j=1

Therefore,

@' = Ba(y') (8)

Let us rewrite the protocol (4) as u’ = —C(x%)¢,(y"), further let y = (y1,...,yn)?, then in a
compact form

u=—(Iy ® C(z"))¢a(y) ©)

From (7), we have

y=(L®I,)x (10)

At this stage, we are able to introduce the protocol (4) into the multi-XJ;, and this after the time

derivative of (10). This leads to
y=(L®I,)x
= —(L® L,)(Ix @ B(z")(Ix @ C(2"))pa(y)

= (L ® B)aly) an
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where in the last written we use the Kronecker product properties (see [1]). The goal is
to prove that y reaches zero in finite time. As G is strongly connected, there exists a vector
w = [whw? ... ;2w T e RN such that wl'L(A) = 0 (by lemmall.3), and where for
1<i< N, w =[w,w,.. w]’ Taking the Lyapunov function candidate

1
1+«

V(y) =

N
 <w 5y > (12)
i=1

where < .,. > denotes the scalar product. A detailed form is given by

N n
V) = S il

i=1 k=1

Evaluating V' along the transformed vector field solutions, using (11) and (7)-(8), we obtain

N n
) ) dy
V(y) = Z Z wk@a(yk)d_tk

=1 k=1
N n N '

= > wiealw) O ai(dh — 1)) (13)
i=1 k=1 j=1
N n N n ~ _

= Z w/@%(%@)(z Z @55 [bkmPa(Ym) — kmal)
i=1 k=1 j=1 m=1

After having processed the last equality in matrix form, it is straightforward to prove that

V(y) = =65 () (In ® diag(w))(L ® B)¢a(y)

1 . 8
Now, let E = 5((diag(w)L ® B) + (L ® Bdiag(w))”, which means that

V =—¢L(y)Edaly) (14)

Introduce

Q={zcR™Y:z'z2=1 and z = ¢,(9) for ¥ L w}

which is obviously a compact set, and as the function z” Ez is continuous in 2, then a nonzero

minimum exists mig 2T Ez # 0. Moreover, E is the Laplacian matrix of a undirected weighted
ze

graph G(F), and it is positive semi-definite (Lemma II.3). Then, miglzl ZTEz>0.
zE
Let K; = minz' Ez > 0, as %) ¢ (), then

2€Q VL (¥)da(y)

GaWED(y) _  daly) o daly)
GaMday)  VEI¥)Saly) VEL(Y)Paly)

> K
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The goal is to prove that the derivative of V' satisfies V< —cVP (by Lemma II.1). Using (14),

we obtain

~ OE(Y)Eda(y) 0L (¥)0a(¥) 5
V= GL(¥)Pa(y) ve

OL(¥)Paly) 5
STV
From the fact that
N n
|yl
PL(Y)daly) ; 1
k i|1+a\B
ORI TS
N n
SN i
i=1 k=1
Z (Lemma IL5)

.

w )
YU )Py He)?
i=1 k=1 a+l

wj
o+

2«
1+a’

if we choose 3 = and let ky = max ml?x( 1)ﬁ . Obviously k3 > 0. Finally, we can prove

that there exists ¢ = % > 0, meaning that

V(y) < —c(V(y))s (15)

%V(Y(O))m (by Lemma IL.1).

Consequently, the proposed protocol (4) applied to multi->; solves a finite-time consensus

Thus, V' will reach zero in finite time 7.(y(0)) =

problem in the sense of (3). This ends the proof.
[ |

Proposition II1.2. For a given fixed undirected and connected graph G, the protocol (4) asso-

ciated to multi->.; solves a consensus problem in finite time.

Proof. Recall that the multi-3J; is defined by

with x = (2!, ..2™)T and u = (u!, ..., u™)T

b
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One considers y® as in (7), y as in (10), and y is as in (11). The goal is also to prove that y
reaches zero in finite time. Taking the Lyapunov function V : R¥® — R, such that V y € RV

1

V) =175 %) (7

which is positive definite with respect to y, and consider the time derivative of V' along the
trajectories of (11), we get

V(y) = oY
=~ (¥)(L ® B)da(y)

(18)

Let

D(2") =

where 0,, = diag{0,...,0} € R™", and Vj = 2,...,N ~;(z") = Nj(L)o,(z") with g,(z") =
diag{0, ps(z"), ..., pn(2)} € R™™ and where ps(x?), ..., pun(2°) are the eigenvalues of the matrix
B given in increasing order. \;(L) denotes the ;' eigenvalue of L. Let them be \y(L), ..., Ay (L)
in increasing order. Since G is connected (by Lemma I1.2) \y(L) > 0. Therefore, V2! we have
Aapa(z?) > 0.

Further, since L @ B € RVN"™Nn jg symmetric matrix, then there exist an orthogonal matrix

P € RN N such that L ® B = PTD(2')P. Let z, = Pg,(y), thus

V= —z! D1z,
< =i (7)1 2a |

< —Aopn (@)l @a(¥)]1® (19)

T
) , . 7. Dz,
with Agjiy(2') = min —2—.
ZaJ_an Zaza

Let k = min opir(z) >0andy = 1y @y = (J1, ..., Yvn)? consequently,
z'eR
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Nn
V <=k lpalii)
i=1

Nn
< —kz |5
=1

Nn
< k(313" (by Lemma IL5) (20)
i=1
Then
V < —k(a+ 1)ar1Var 1)

Since 0 < j—fl < 1and k(a+1)027+a1 > (), and by Lemma II.1, the above differential equation gives
(a + DV (y(0) =1

(1 — a)k(a +1)ai
under the protocol (4) leads to a finite-time consensus. This ends the proof.

that V reaches zero in finite time

. Therefore, based on (1), the multi-3};

Remarque I11.3. For a given fixed directed/undirected graph G, from inequalities (15) and (21) if

we take o = 1, then the finite-time consensus in multi-YJ, becomes an asymptotically consensus.

Remarque II1.4. The protocol (4) is similar to [14] by taking B = C' = 1 which was applied

to multi-particle system x; = u; in network.

IV. FINITE-TIME CONSENSUS IN MULTI-Y5 DYNAMICAL SYSTEM

Let us recall that a multi->, dynamical system is a networked dynamical systems where each
system’s dynamic model is given by (2). The consensus protocol is as given in (4). Note that
various autonomous systems are modeled by (2), and Assumption II.8 can be easily verified.
In the following, the consensus problem is analyzed for the directed and undirected graphs,
considered has a spanning tree and strongly connected. Recall that for a given graph G, the

purpose is to prove ||z'(t) — z?(¢)|| — O in finite time Vi,j = 1,..., N, while u' is as in (2).

Proposition IV.1. If the graph G has a spanning tree and strongly connected and the drift
term satisfies the inequality (5), then the multi-Y5 based on (2) with the protocol (4) realize a

homogenous/heterogenous consensus in finite-time.

December 25, 2013 DRAFT



FIRST SUBMISSION TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL, JANUARY 2012 12

Proof. Using the change of variable given by (7), we have
. N . . . . N . . . .
g =D ay (@) = f1()) + ) ay[B(a)u' — B(ad)] (22)
j=1 j=1
Fory = (y',....,v™)T, f(x) = (f*(z"), ..., fN(z™))" and using (10), the multi-3; is given by
y=(L®L)[(x) = (L& B)ga(y) (23)
From inequality (5), we have

(L@ L) f(x)|| < cll(L @ L)x]| = clly] (24)

With respect to the Lyapunov function (12), the time derivative of V (y) along the networked

system trajectories (23), we may write

=1 k=1
N n N

=3 > wiaWi) O i}, — i)
i=1 k=1 j=1

3
2

= 33 whealub) (O e i) — H) + Vi

i=1 k=1 j=1
where V/(l) is the derivative of the Lyapunov function with respect to the driftless system (1),
given by the previous section and satisfies the inequality (15). Now, using the Assumption 1.8

and the equality (13), we obtain

N n N
V() <u ) > wisgn(u)luil* O ay(a’ — 27)) — e(V(y)) e
i=1 k=1 j=1

N . . 2
<Y D> whlyhl T = e(V(y)) e

i=1 k=1

3

2c

+a)V(y) — c(V(y)) T+

2

< —Vatife — p(l+a)V i) (25)

N
—_

1(

Since }jr—g > (0 and V' is continuous function which takes 0 at the origin (y = 0), there exists

an open neighborhood 2 of the origin that permits to write
V(y) < —5[Vy)=r (26)
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by Lemma II.2, V' reaches zero at an estimated finite time

2(0[ + ].) l1—a

T.(y(0)) = V(y(0))=+t

(1 —a)
Therefore the multi-X» based on (2) and the protocol (4) lead to a homogenous/hetrogenous

finite-time consensus, as f’(:cz) may (not) be identical in (22). This ends the proof.
[ |

For the consensus problem of mulit-3o, let us analyze the case of an undirected graph, while

the protocol is similar to (4).

Proposition IV.2. Given an undirected and connected graph G, further we consider that the
inequality (5) holds, then the multi-Y.5 described from (2) with the protocol (4) lead to a

homogenous/heterogenous finite-time consensus.

Proof. From the change of variable given by (7), we have
N N
g =) ay(f'a’) = F@) + ) aylBlau' — Bla’)] 27)
j=1 j=1
Fory = (y',....,v™M)T, f(x) = (f1(z1),..., f¥(2™))T and using (10), the multi-X; is as
Y= (L@ L) f(x) — (L® B)a(y) (28)
While from inequality (5), we have

(L@ L) f()| < pll (L @ L)x]| = pllyll (29)

Using the Lyapunov function (17), and consider the time derivative of V (y) along trajectories

of the multi->J; (28), it leads to

V(y) = oL (y)(L ® L) f(x) — &L (y)(L @ B)ga(y)

< ol (W)Yl = oL (¥)(L ® B)galy)

Lety =1y ® 4" = (41, ..., Jnn)’, consequently from (20) we get

Nn Nn
s ~ | ~ o 2a_
V() <p ) 13l = kO gl )=
=1 =1
2

< —Vati[k(a + 1)t — pV/17a] (30)
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where k = min Aoy (") defined in the proof of Proposition IIL.1. Since }jr—z >0 and V is
Tt cRn

continuous function which takes 0 at the origin, there exists an open neighborhood () of the

origin that permits to write

]{J(Oé—l—l)ﬂ%l 2a

Vy) S ———5— V)l 31

From Lemma II.2, V reaches zero at an estimated finite time
(o + DV (y(0) -+
2(1 — a)k(a + B)ait

Therefore, the multi->.5 defined from model (2) and the protocol (4) achieve a homogenous/hetrogenous

T.(y(0)) =

finite-time consensus, as f‘(z') may (not) be identical in (22). This ends the proof.
1
[ |

Remarque I1V.3. It is straightforward from Proposition 1V.2 froofs, if a =1, then the multi-3,

finite-time consensus becomes an asymptotically one.
2

V. ILLUSTRATIVE EXAMPLES
Two illustrative examples are considered where the multi-unicycle represents a controlled
nonlinear system in network mddeled by (1) that follows the theoretical analysis of multi-Y;.
A multi-agent based on second order dynamics which implies networked multi-model of type
(2), and follows the subsequent analysis of multi->.,. Each multi-system associated protocol is
deduced from (4) and the resultSS are illustrated by simulations. In figure Fig.1, the directed graph
is associated to 3 agents (left) while the undirected graph is applied to 4 agents (right).
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A. Multi-unicycle consensus for the rendezvous problem

Consider N wheeled mobile robots where the i** nonholonomic kinematic model is as (uni-

cycle):
T cost; 0O
U; .
yl — Sinez 0 1 = 1,...7N (32)
. Ww;
0; 0 1

where (z;,y;,0;) denotes the position and the orientation in a inertial frame. The inputs u; and

w; are the linear and angular velocities, respectively. Let

cosf; 0
B=| sinf;, 0
0 1

Two constructed matrices to C' are proposed, and this in order to see the role of the control

matrix C' in (4). Hence, the control matrix C' in (4) is first taken as

cosf; sin#; O cosf; sin6;, O
) = and second as (9 =
—sin#; cos#; 0 —sinf#; cosf; 1
It is straightforward to verify the property of BC) and BC5 in Assumption I1.7, where their
eigenvalues are {0, 0, cos? §; + sin?#;} and {0, 1, cos® §; + sin® §;}, respectively. We propose to
study the finite-time consensus of multi-unicycle given by (1) as multi->; (system without drift
term in network). Based on Proposition III.1, the finite-time consensus problem can be solved

through the following protocols ((u;)c,, (wi)e,) and ((u;)cy, (w;i)e,) Where (u;)o, = (ui)e, = u;

which are computed following to C and C5 matrices. Then we obtain,

= —Qq Z a;;(x ) cosb; — g Z a;;(y ) sin 0; (33)
N
= ¥q Z a;j(x )sin6; — @q Z a;j(y ) cos 6; (34)
N N
(w;) e, goa(z a;j(z; —x;))sinbd; — q Z a;;(y )) cos 0; — @a(z a;;(6; —0;)) (35)
7=1 7j=1

Fixed directed graph (Fig. 1a). The followmg initial conditions for the three unicycles in
networks are given by,

(z1,91,01)(t =0) = (4,2, 4)
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(w9, 90,0:)(t =0) = (2,1, _f)

2
e
(z3,y3,03)(t = 0) = (-6, 10, 5)
10 T T T T 10
8 8t
6 6
2F : : : 2t : : /\//
0 I T 0 I ’\7 4
-2 ‘ ‘ : ‘ ‘ -2 i i i i i
-8 -6 -4 -2 0 2 4 -8 -6 -4 -2 0 2 4
position x position x
Fig. 2. The 3 unicycles rendezvous under the matrix control Fig. 3. The 3 unicycles rendezvous under the matrix control
C (directed graph G) Cy (directed graph G)
4 4
ul ul
af | s il
2h 2 r
5 1 X 4 5 1
A R 2 \\f
5 0 1 £ o0 = - -
5 .l 8.
-2 -2
-3t -3
4 i : j j 4 ‘ ‘ ‘ i
0 20 40 60 80 100 0 10 20 30 40 50
time[sec] time[sec]
Fig. 4. Protocols u; as designed in (33) under C (directed Fig. 5. Protocols u; as designed in (33) under C'> (directed
graph G) graph G)

The simulation result sketched in Fig. 2 is obtained under the protocol (33,34) with the control
matrix C, while Fig. 3 shows the results under the protocol (33,35) with C5. The matrix C' must

be designed following to Assumption 1.7, but as we see in figures Fig. 2-3, it plays an important
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—wl wl
— w2 w2

w3 | ok b N w3

T S R

o

control input wi
control input w,i
N

-3

0 20 40 60 80 100 0 10 20 30 40 50

time[sec] time[sec]
Fig. 6. Protocols w; as designed in (34) under C; (directed Fig. 7. Protocols w; as designed in (35) under C'> (directed
graph G) graph G)

role in the behaviors of agents, at least for the rendezvous problem. This can be viewed in figures
Fig. 4-5 for the protocols u; and figures Fig. 6-7 with the protocols w;, obtained for C; and Cj,
respectively. The decision can be toward the C5 control matrix as there is no oscillation after

the establishment time.

Fixed undirected graph (Fig. 1b). The four unicycles are initialized as,

™

(w1,91,01)(t =0) = (4,2, Z)
(x27y2a 92)(t = O) = (27 —1, _g)
2

(x3ay3>03)(t = 0) = (1’87 ?)

(T4, Ya,04)(t = 0) = (=1, =4, )

The case of four unicycles obey to an undirected graph presented in Fig. 8 (using C;) and
Fig. 9 (with C5). Clearly the control matrix C of the protocol affects the behavior of the
consensus and ensures the rendezvous. Figures Fig. 10-11 show the protocols u; under C; and
(s, respectively. Likewise, figures Fig. 12-13 sketch the protocol w;. The results are obtained
with an undirected topology. In terms of the protocol amplitudes and times of establishment,

improvement is obtained with the C; matrix. However, comparison can be made between Fig.
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position y
N

of // i
/ 4
/,/
-2t P J
/
\\
4t < i
-6 i i i i i i
-2 -1 0 1 2 3 4 5

position x

Fig. 8. The 4 unicycles rendezvous (undirected graph G)

under the matrix control Cy

4 T T T T
ul
3 u2 (]
{ u3
u4
2
1 1
=]
a o0
£
s |
g -1f ]
o
o
Y 1
Y 1
4k 1
-5 i i i i
0 10 20 30 40 50

time[sec]

Fig. 10. Protocols u; as designed in (33) under C; (undi-
rected graph G)

position y

-4 -3 -2 -1 0 1 2 3 4 5
position x

Fig. 9. The 4 unicycles rendezvous (undirected graph G)

under the matrix control Cs

4
ul
3 u2 (]
/ u3
ud
2 |
1 1
=1
2 0
£
s
g1 1
o
o
b 1
3k 1
4} 1
-5 i i i i
0 10 20 30 40 50

time[sec]

Fig. 11. Protocols u; as designed in (33) under C2 (undi-
rected graph G)

5 and Fig. 11 where the establishment time is reduced by half using the directed graph instead

of the undirected one.
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5 4 T
—wl —wl
4 w2 || 3 | —w2|]
w3 w3
— w4 \ — w4
3t § 2p
X
2ff 1
H =
ER! 2 ot e
= [N e o = |
IR S g
8 [ 3
-1 / -2
_21 -3
-3 ‘ -4
" i i ‘ ‘ 5 ‘ i i i
0 10 20 30 40 50 0 10 20 30 40 50
time[sec] time[sec]
Fig. 12. Protocols w; as designed in (34) under C; (undi- Fig. 13. Protocols w; as designed in (35) under C> (undi-
rected graph G) rected graph G)

B. Multi-agent with second-order dynamic

Consider a second-order dynamic of an agent (i € Z)
j:i = V;

where z; € R" denotes the position, v; € R™ it is time derivative, and u; € R" is the control

input. The dynamics (36) take the form given by (2), and it will be treated as multi->,, with
T V; 0

X; = , fi(x)) and B =
V; 0 1

Condition (5) on f; can be easily verified (Assumption II.8).

Taking C' = (1 1), from protocol (4) and Proposition IV.2, we are able to propose the following,

N N

ui = =Y aij(z; — ;) — 0a(d_ aij(vi — v;)) (37)

j=1 j=1
The double integrator (36) under wu; achieves consensus in positions and velocities. Note that
the finite-time consensus for multi-agent networks with second-order agent dynamics as given
by (36) was studied by Wang et al. [16] in the case of undirected graph. The consensus protocol
proposed here for the double integrator is a direct application of Proposition IV.2, and is different

from that given in [16].
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Fixed directed graph (Fig. 1a). Numerical simulation is presented to illustrate consensus of
three agents through the graph (Fig. 1a). The control parameter o = (.5, and each agent initial

position vector is as

(x1, e, 23)(t = 0) = (5,10,1)(m)
and the initial velocity vector is
('Ul,'UQ, Ug)(t = 0) = (27 _17 8)<m/8)

Consider a fixed directed graph (Fig. 1a), figures in Fig.14 and Fig. 15 show the effectiveness

of the given protocol (37) as positions and velocities achieve consensus in finite time.

100 : ‘ ‘ ‘ ‘ 8
0F 1 IL
80 g 6l

701

60

50

position

a0t

30t : 1 |

velocity
9

20 A 1 r “
10 \/ ] 0 V‘
0 ‘ ‘ ‘ ‘ ‘ 1 ‘ ‘ ‘ ‘ ‘
0 5 10 15 20 25 30 0 5 10 15 20 25 30
time[sec] time[sec]
Fig. 14. Consensus in positions of 3 second order dynamics Fig. 15. Consensus in velocities of 3 second order dynamics
(directed graph). (directed graph).

Fixed undirected graph (Fig. 1b). Numerical simulations are presented with the control

parameter « = (.5, the initial position vector is
(21, 22, x3,24)(t = 0) = (5,10, 1, =5)(m)
and the initial velocity vector is
(v1,v9,v3,04)(t =0) = (2,—1,8,—4)(m/s)

The 4 double integrators (36) with the protocol (37) meet finite-time consensus in positions and

velocities, as given by figures Fig. 16-17. The establishment time for the directed graph (Fig.

December 25, 2013 DRAFT



FIRST SUBMISSION TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL, JANUARY 2012 21

16-17) is less important than the undirected graph (Fig. 14-15). The amplitudes of velocities
(Fig. 17) are more significant for the undirected graph in comparison to the directed one, as
given by Fig. 15. To solve the finite-time consensus problem, protocols given by figures Fig.
18-19 imply the subsequent observations which promote the directed graph in terms of times

and amplitudes in multi-second order dynamics.

50 T T T T T 8

a0t

301

201

position
velocity

10

1% 5 10 15 2 2 30 15 20 2 30
time[sec] time[sec]
Fig. 16. Consensus in positions for 4 agents as second order Fig. 17. Consensus velocities for 4 agents as second order
dynamics (undirected graph). dynamics (undirected graph).
4 6
ul ul
u2 \ u2
sr : : : u3 || u3 [
ud
2l |
5 1} 5
L H
s /k&“
8 | \ g
4l
ol
3t -6
4 i i i i ‘ 8 i i i i ‘
0 5 10 15 20 25 30 0 5 10 15 20 25 30
time[sec] time[sec]
Fig. 18. Protocols u; as specified by (37), case of the Fig. 19. Protocols u; as specified by (37), case of the
directed graph. undirected graph.
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VI. CONCLUSION

In this paper, controlled dynamic systems in network are described by two main nonlinear
and continuous first-order differential equations with/without drift terms. Finite-time consensus
are achieved despite complexity in the networked models, and this due to heterogeneity of the
components and the vector size of states. Some protocols are proposed and sufficient conditions
are established leading to finite-time consensus of controlled nonlinear systems in network.
Following to consensus objectives, the multi-system behaviors in simulations, as was given
for the multi-unicycle and the multi-second order dynamics, a directed graph presents some
advantages such as less amplitude of protocols and low time of establishment. Results for finite-

time consensus for homogenous/heterogenous multi-system are also achieved.
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