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1 Abstract

This paper extends earlier results of wave based ap-
proach for stable force re°ecting systems in the pres-
ence of the transmission delay (constant or variable).
Theoretically, stability of the whole system is kept for
any time delay, but degradation performance increases
proportionally with a large delays. In this paper, we
propose a new control scheme that is also based on
wave variables, but minimizes the degradation perfor-
mance due to large constant time delay, the time vary-
ing delay case is also discussed. The proposed method
uses a modi¯ed Smith prediction is simple and easy to
implement.

2 Introduction

In this paper we examine the performance deteriora-
tion of the control of force re°ecting bilateral teleoper-
ators with time delay using wave variables approaches.
The standard approaches to control bilateral teleoper-
ators with force feedback, based either on scattering
theory [2] and [3], or the equivalent wave variable for-
mulation [13] and [12], preserve passivity only in the
case of constant transmission time delay. For teleoper-
ation over the Internet the delay varies with such fac-
tors as congestion, bandwidth, or distance, and these
varying delays or large delays may severely degrade
performance or even result in an unstable system.
In this paper we present a simple modi¯cation to the
wave based transformation proposed in [11], that in-
serts modi¯ed Smith predictor based on the haptic in-
terface model (the master model in the teleoperation
case) into the communication block (in the wave do-
main) which keep passivity and improve performance
for arbitrary time constant delays. Many method have
been proposed focusing, how to preserve passivity,

however, is not su±cient to guarantee acceptable per-
formance [10], [16] and [9]. We therefore, use an addi-
tional control in wave domain to reduce considerably
degradation of performance. Recently, The principle
of Smith prediction have been considered in teleopera-
tion under some conditions on estimation parameters
[4] and [5]. The combination of this tow approach gives
a good result about quality of performance. Simula-
tion results are presented showing the performance of
the overall compensation scheme.
In the ¯rst section, we recall some de¯nition concern-
ing wave variables approach. Second section gives
some recent results about model based approach us-
ing smith prediction principle. After, we propose how
we shall combine this two approaches, in other words,
how to predict in the wave domain. Section 4, we
demonstrate this complete system via simulation re-
sult. Finally, some concluding remarks are given.

3 Wave Based Approach in Bi-
lateral Control

3.1 Encountered problems due to time
delay

It is well known that even small communication de-
lay may destabilize teleoperators systems or haptic in-
teraction with conventional bilateral control methods,
such as symmetric position servo and force re°ecting
servo [2]. Although the master arm behaves stably
without delay. Instability of the force re°ecting sys-
tem can compromise operator safety and can damage
the master display. All existing methods to deal with
transmission delay problem are based on passive ap-
proaches, therefore, performances are not, all the time,
acceptable.



3.2 De¯nition of wave variables
The entire concept of wave variables is based on a
more general framework of passivity and was in par-
ticular motivated by scattering operators, see Desoer
and Vidyasagar [8]. So not surprisingly, the basic def-
inition of wave variables are also derived from Scatter-
ing [2]. Let us recall the essential formulation of wave
variables approach. The power °ow as:

Pin = _xT F =
1
2
uT u ¡ 1

2
vT v (1)

where: F and _x are the power parameters respectively
force and velocity. u and v are the wave variables
respectively incidental and re°ected one, ¯gure (1).
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Figure 1: Transformation from power parameters into
wave variables (Niemeyer [12]).

The wave variables (u,v) can be computed from the
available power parameters ( _x,F ) by the following bi-
jective transformation:

8
><
>:

u = b _x+Fp
2b

v = b _x¡Fp
2b

(2)

where b in an arbitrary positive constant that deter-
mines the properties of the communication line.

In bilateral control of force re°ected systems, the
transmission process is expressed as follow:

8
<
:

us(t) = um(t ¡ ¿)

vm(t) = vs(t ¡ ¿)
(3)

where m and s represent side of the waves (master side
or slave side) and T is constant time delay.

Note that the inherent combination of velocity and
force data makes the system well suited for interaction

with unknown environments. Indeed it behaves like a
force controller when rigid contact and like a position
controller when free motion.

3.3 Passivity

The main characteristic of this transformation of
power parameters into to wave variables is its e®ect
on passivity property. The power in°ow into the com-
munication block at any is given by the equation 1,
by substituting equation 3 into equation 1 and assum-
ing that the initial energy is zero, it is easily com-
puted that the total energy stored in the communica-
tions during the signal transmission between master
and slave is given by:

E =
Z t

0
Pind¿ =

Z t

0
( _xmdFm ¡ _xsdFs) d¿

=
1
2

Z t

0
(uT

mum ¡ vT
mvm + vT

s vs ¡ uT
s us)d¿

=
1
2

Z t

t¡T

¡
uT

mum + vT
s vs

¢
d¿ > 0

where, xmd and xsd are respectively the desired veloc-
ity of the master and the slave. Therefore, the system
is passive independently of the size of the delay T , in
other words, this new formulation makes wave vari-
ables robust to constant time delays.

4 Existing Model-Based Con-
trol Scheme

Some model-based control scheme has been proposed,
in ¯rst time, we have used a some-how prediction
(based on Smith prediction principle) of the master
part within the remote part [4]. Hence, the developed
equations lead to a scheme where only the master
model appears and also the estimation of the time
delay is necessary. The term \somehow prediction" is
used to signify that in fact the proposed solution is
not really a prediction since only the master model
is required, which means that no prediction of oper-
ator behavior or trajectory is needed. However, the
upwards and forwards time delays must be known.

Then, we have extend the proposed controller based
on Smith prediction principle. We notice, that in fact,
the desired remote position is corrupted by a local
closed loop on the obtained contact force. Indeed, the
actual position of the virtual object xe is not directly
the desired master position xm, but the delayed xm
minus the outputs of the local closed controller based



on the master model, the delayed master model and
the obtained contact force (look with[6] for more de-
tails).
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Figure 2: A practical implementation of the controller.

where M(s) is the haptic device transfer function,
s is the Laplace transform variable, E(s) is the VE
transfer function (assumed continuous due to a high
sampling frequency), xm; xc and xe are respectively
master, virtual coupling and VE positions, Fe is the
VE computed force, Fh is the operator applied force on
the device, C(s) is the commonly used virtual coupling
[1] and [7].

The new implementation of the controller makes
possible an interesting extension which:

² avoids the estimation of time-delay, and

² makes a straightforward extension to time-
varying time delay.

² unburden the VE from the bu®ering in order to
compute the controller by sharing the computa-
tion on both sites.

This is obtained simply as depicted in ¯gure 2. Nev-
ertheless, this new implementation highlights that it
is no more necessary to estimate time delay, and more
importantly: the behavior of time delay may have no
e®ect on the stability of the system.

4.1 Passivity of model based approach

The dynamic model of an haptic display can be ap-
proximated in a linear form1, considering an apparent
mass M and friction:

Fh(t) ¡ Fe(t ¡ ¿2(t)) = M Äxm + B _xm (4)

where xm, _xm and Äxm are respectively the Carte-
sian space position, speed and acceleration, Fh and
Fe denote respectively human and VE forces applied
to the haptic device. Time delays uses for the proof
of the stability with the proposed control scheme are
variables. The fundamental idea is to emulate a pas-
sive behavior of the haptic device and the transmis-
sion channel. In the second comparator of ¯gure 2 we
have xh = xm + xc, using the equality Fe(t ¡ ¿2(t)) =
M̂Äxc + B̂ _xc are obtains:

Fe(t ¡ ¿2(t)) = M̂ [Äxh ¡ Äxm] + B̂ [ _xh ¡ _xm]
(5)

Where M̂ is the estimated apparent mass, B̂ is the
friction estimate. Equation 5 is used to cancel the
e®ect the delayed control Fe(t¡¿2(t)) from the haptic
device (master) position xm to be sent to the slave
site.

Just after the transmission channel ¿1(t), at the
third comparator we have:

Fe(t) = M̂ [Äxh(t ¡ ¿1(t)) ¡ Äxmr] +

B̂ [ _xh(t ¡ ¿1(t)) ¡ _xmr] (6)

where xmr is the after-master position transmitted to
the slave site. Equation 5 delayed by ¿1(t) substrates
into equation 6 leads to:

Fe(t ¡ ¿1(t ¡ ¿2(t))) ¡ Fe(t) =

M̂ [Äxmr ¡ Äxm(t ¡ ¿1(t))] + B̂ [ _xmr ¡ _xm(t ¡ ¿1(t))]
(7)

Finally, equation 4 is also delayed by ¿1(t), and the ob-
tained force Fe(t¡¿1(t¡¿2(t))) substituted in equation
7 leads to:

Fh(t ¡ ¿1(t)) ¡ Fe(t) = M̂ Äxmr + B̂ _xmr

+(M ¡ M̂)Äxm(t ¡ ¿1(t)) + (B ¡ B̂) _xm(t ¡ ¿1(t))
(8)

1The developped proof holds for the non-linear haptic model
described by the classical dynamic equation: M(q)Äq+C(q; _q) _q+
G(q). The demonstration is also trivial, we choose the linear case
for the clarity of the presentation.



If we assume that the estimation error of the apparent
mass and friction is zero,then equation 8 takes the
following form:

Fh(t ¡ ¿1(t)) ¡ Fe = M Äxmr + B _xmr (9)

This last equation exhibits a passive behavior of the
equivalent new master side. Assuming that the vir-
tual environment is passive, a fundamental property
is that the feedback interconnection of passive systems
is again passive [15], it ensues from it, that the pro-
posed haptic interaction scheme is stable.

5 Wave-Model based control
The combination of both previous methods can be im-
plemented in two manners, the ¯rst one, we place the
prediction using the master model inside the waves
domain (¯gure 3), such idea was evoked in the works
of Saghir [14], but the prediction used concerns the
behavior of the slave part or the virtual environment.
where G(s) is the transfer function of the entire left
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Figure 3: Prediction inside the wave domain

hand plant until before transmission channel, giving
by:

G(s) =
Um(s)
Vm(s)

=
b ¡ M(s)
b + M(s)

The second case, is to make more robust master-
model-based method by imitating a passive behavior
of the channel of transmission using the waves vari-
ables formulation (¯gure 4). Both implementations is
passive (under some conditions or where the errors es-
timation of the master model are zero), it should be
stated, that passivity property of the equivalent sys-
tem is not compromised.
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Figure 4: An other implementation (make more robust
model based method)

In this paper, we shall present with more details the
¯rst proposed scheme, focusing on the improvement of
the position error while contact is occur.

5.1 Static and dynamic position error

The expression of the position error relation Xm and
Xe is giving by the following equation:

¢x(t) = xm(t) ¡ xe(t) =
Z t

0
_xm(¿) ¡ _xe(¿)d¿

(10)

in the wave domain the previous equation can be
rewritten as:

¢x(t) = xm(t) ¡ xe(t) =
1p
2b

Z t

0
(um + vm ¡ us ¡ vs)d¿

(11)

Using Laplace transform and the prediction terms,
where:

8
<
:

Us(s) = Ume¡sT1 + VsGm(s)(e¡s(T1+T2) ¡ 1)

Vm = Vse¡sT2 (12)

substituting equation (12) into equation (11) gives:

¢X(s) = Xm(s) ¡ Xe(s) = ¢X0(s)

¡ 1p
2bs

h
Vs(s)Gm(s)(1 ¡ e¡s(T1+T2))

i

where:

¢X0(s) =
1p
2bs

£
Um(s)(1 ¡ e¡sT1) ¡ Vs(s)(1 ¡ e¡sT1)

¤



is the error without prediction term. Recalling that:

vs =
b _Xe ¡ Fep

2b

and Fe = E(s)Xe(s), equation (13) becomes:

¢X(s) = ¢X0(s) ¡ Gm(s)
s

(E(s) ¡ b)
2bE(s)

Fs(1 ¡ e¡s(T1+T2))
(13)

At steady state when the transients have died out, the
wave signals decay to zero, at which time require that
the position error also be zero. In other words. form
the equation (13), if we have:

limt!1 um(t) = 0; limt!1 vs(t) = 0

we have

lim
t!1

¢x(t) = lim
s!0

s¢X(s) = lim
s!0

s¢X0(s) = 0

For the dynamical error while the contact is occurred,
in other words Fs 6= 0, last term

Gm(s)
s

(E(s) ¡ b)
2bE(s)

Fs(1 ¡ e¡s(T1+T2))

of equation (13) is positive (for more detail details, we
give an example in the next section concerning simu-
lation results).

6 Simulation results
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Figure 5: Simulation with wave variables approach

This section presents simulation results of the de-
veloped controller. The haptic display is a one DOF

actuated arm with apparent mass m = 0:2kg and fric-
tion of about b = 3Ns=m. The contact will be per-
formed between the rigid virtual pen and a virtual
walls of high sti®ness Ke(which representing by E(s)).
In this first simulation, time delays are taken constant
but di®erent, indeed ¿1 = 1sec and ¿2 = 0:5 sec. Fig-
ure 5 shows the tracking and force feedback behav-
ior when the operator interacts with a VE of sti®ness
Ke using wave variables approach without any adap-
tation and the line characteristic b = 3. It is assumed
that collision detection and force computation are per-
formed simply and do not cost additional time delay.
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Figure 6: Simulation with wave-model based ap-
proach.

Figure 6 shows the result obtained of a simulating
virtual contact using the new control scheme proposed
in section 5. The position discrepancy, when the con-
tact is made, is unavoidable whatever is the controller
or the approach (unless a very prediction is made in
the master side), this is due to the undergo physical
time-delay T2. Nevertheless, the virtual probe posi-
tion xe is stably maintained by the operator during the
whole contact time. Several simulations are conducted
with multiple hard and viscous contacts, they show
that the behavior of the force feedback interaction is
stable whatever the time delay. Comparing with the
previous result, this new implementation minimizes
considerably the time delay between both positions
xm and xe, furthermore, the error of position while
contact is occurs is more reduces than that of the ¯rst
case and depends strongly on Fe value, like we state
this in equation (13).



7 Conclusion

This paper presents a new control scheme using wave
variables approach using a master-model based predic-
tion to stabilize delayed force feedback systems and to
improve performance. The proposed method requires
only the haptic (mater model in teleoperation case)
device model and do not necessitate the estimation
of both (upwards and downwards) delays, which be-
come robust to time varying delay as proved in [6].
The simulation results con¯rm a stable force re°ec-
tion from the VE in presence of constant time delays.
A robustness analysis is not necessary in this case due
to prediction of the behavior of the master-model, but
the wave variables approach is initially robust. The
position error is considerably reduced and the time
delay between the haptic device position and the vir-
tual probe.
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